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L Introductory. — As far as I am aware, the problem of the electrodynamics of 
accelerated motion of finite bodies has not been seriously attacked. Attention has 
been mainly directed to the question of very small charged bodies, and even in this 
case the results are not as exact as one could desire, in view of the important bearing 
they have on the theory of the constitution of matter. 

Among results which have been generally accepted two call for special attention. 
The first of these is the equation of linear motion of a small charged sphere 
determined by Lorentz ('Theorie Electromagnetique,' p. 124). In the usual notation 
this equation is 
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where 

m^ = ^e'/aC and k - |eVC^ 

e being the charge and a the radius of the sphere. 

The distribution of the charge on the sphere is not specified, and Lorentz does not 
claim any great generaHty for the equation. We shall find, however, that more 
refined calculation proves that Lohentz' equation is an exceedingly good approxi- 
mation for vibratory motion. 

The second result of importance is the rate of radiation from an accelerated charged 
particle calculated by Larmor ('iEther and Matter,' p. 227). 

The rate is found to be f e^ (a5)YCl The result is based on the Poynting flux over 
a surface surrounding the particle, and reference to the original calculation shows 
that certain terms are neglected as small. If the motion is vibratory this is readily 
seen to be correct, but it has been claimed that the result is true for a uniformly 
accelerated linear motion. The substitution of the requisite form for the displacement 
of the particle in this case shows that the terms neglected are as important as those 
retained, and the result must be modified. It is further important to note that 
Maodonald (^ Electric Waves,' p. 72) has shown that a term (nil for periodic motion) 
must be added to the Poynting flux in order to give the whole rate of radiation. 
Since a uniform movement in a circle may be compounded of two vibratory motions 
there is no reason why Larmor's result should fail in this case, although the 
acceleration is uniform. 

Larmor's result has, I think, been applied to the motion of a charged particle, 
without regard to the condition of validity. 

Thomson" gives the equation (^ Conduction of Electricity Through Gases,' p. 543) 

where the term 

^(P X 
is the reaction on account of the radiation 

3 q;3 V^ / • 

Against such an equation two criticisms may be made. First, it does not appear 
where the term m^x comes from, as it ought to arise from the total rate of radiation. 
Second, for a given velocity it gives two values for (;M), which may be real or 
imaginary—a conclusion which seems untenable. The difficulty here presented may 
be partially removed by consideration of Lorentz' equation 
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Strictly, M and h are flinctioiiB of the frequency, but with this Kmitation we obtain as 
an intePTal 



|-M.'j/— H'.x + ^ 



iX' (ajI' ~— I jcV. CVJu, 



On average for a periodic motion the term kot^ disappears, and we get the equation 
of balance of energy, for the mean value of kjx^ dt is the quantity of radiation as 
calculated by L armor. 

It is clear that we cannot reverse this process, and that it breaks down when the 
motion is not periodic. 

A similar objection applies to the more elaborate expansion by Sommerfeld 
(' Gott. Nachrichten,' p. 410, 1904) for the reaction in powers of the acceleration. 

Abraham ('Electrician,' p. 868, 1904) has given a still more general formula for 
the reaction. Apart from difficulties as to the distribution of the charge on the 
particle, his expression does not enable one to determine the important question as to 
what kind of motion is really possible. Many of the calculations I have seen either 
ignore the surface conditions or introduce assumptions about rigid electrification 
which seriously detract from the value of the conclusions. 

Experimental work of recent years has naturally directed attention to the problem 
of the dependence of electrical inertia on the speed. Since the problem of accelerated 
motion has not hitherto been solved, extensive use has been made of the solution for 
steady motion. The process of deriving an expression for the electrical inertia from 
the expression for the energy of the steady motion has given rise to ambiguity of 
meaning which is inevitable with such a method, and involves a serious fallacy of 
dynamical reasoning. 

It will be generally admitted that if we introduce steady motion values in a proper 
Lagrangean energy function, and then apply the usual methods, we have no right to 
expect correct results. This fallacy is shown by the example y = x--a, thus 
dyjdx — 1 for all the values of x if we first differentiate, but if we put x ~ a and 
then dififerentiate we get dyjdx — 0. 

But, apart from this, a fallacy is involved. If the energy function has been derived 
from a Newtonian system of equations and the kinetic energy involves squares of the 
velocities, inertia may be defined from the energy function in a variety of ways, each 
of which gives the same result. Thus, if 



we may define mass as 



K.E. - T = Imu', 



2T 1 dT ,, d T d'T 

ir u du du u du 



We may devise an infinite number of definitions, all of which are consistent as 
lon£ as T = hmitP, 

If, however, we find by any process that the kinetic energy involves higher powers 

u 2 
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u than u^^ then not only do the former definitions give different results, but also we 
are not justified in attempting to form any equation of motion at all or draw any 
conclusion about the inertia. 

The method of investigation by means of the Poynting vector of energy flux 
(Abraham, 'Ann. d. Physik/ 10, 1903), although possessing some elegant features, 
is open to many objections. In addition to those raised by Sommerfeld (Zoc. cit., 
p. 368) we must add that of Macdokald already mentioned. Further, the satis- 
faction of surface conditions become very difiicult. The method is very suitable for 
determining the field due to rigidly electrified systems moving in a prescribed way, 
but does not reveal the manner in which the prescribed motion is established. The 
systems to be considered are not rigidly electrified, and our problem is the deter- 
mination of the motion, and the way in which it is produced, subject to the necessary 
surface conditions. 

To give a definite instance, it will be shown that a uniformly accelerated motion of 
a charged sphere is established by aid of a rapidly damped harmonic train of waves. 
Knowing this to be the case, we might use the method to verify the result, but the 
method itself does not suggest the occurrence of this damped harmonic train. Thus 
as a means of discovery it lacks an essential element. 

Although these considerations had not been definitely formulated when I attacked 
the problem of accelerated motion, I had a very distinct impression that the 
Newtonian method of investigation would prove the most efifective. The measure of 
success of the following investigations confirms a growing belief that Newtonian 
methods give a more direct correspondence with physical phenomena than any other 
process that has been devised. 

2. Fundamental Equations. — It is now generally accepted that the electromagnetic 
equations of the free stagnant aether are unafiected by the motion of electrified bodies. 
Thus while such motion gives rise to electric and magnetic actions they must conform 
to the equations for the stagnant aether. 

Hence, if X, Y, Z are the components of electric force, a, /3, y are the components 
of magnetic force, and C the velocity of radiation, the equations referred to a right- 
handed system of fixed axes are 
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It is generally more convenient to use the equations for a moving origin. Thus, if 
the origin moves in the direction of x, so that the displacement from a fixed point at 
any time is f , the equations become 

^y dz ' dz dx ' dx dy / G\dt 3.r.A. ', 

/3Y _ 3Z 3Z _^ 8X 9X .__^ 3Y\ _!_ / 3^ ^t^^Y'a B ^^ 
\dz dy' dx dz ^ ^y 3'^/ 'C\3^^ axJ\^ ? ? /y? 

+ .- h ^ — - u, 

ox ay oz 

3X . 3Y , 3Z ___ . 

occ d?/ oz 

These equations are exact. 

In the following investigations attention has been mainly directed to perfect 
conductors, on account of the simplification thereby secured. In later sections it will 
be shown how insulating bodies may be treated. 

It is thus necessary to consider what conditions must be satisfied in and on the 
conductor itself. 

Two possible views may be taken about this question. 

In the case of steady motion, Thomson ('Recent Researches,' p. 18) intrinsically 
uses the condition that the tangential component of electric force (X, Y, Z) should 
vanish at the surface of the charged body. Now, the force eff'ective in producing 
motion of electricity, or the electrodynamic force, is not the electric force (X, Y, Z) 
but is (X^ Y^, Z^), where 

(X',Y',ZO = (X-i^+iy, Y-^y+^a, Z-^a+'^J), 

X, y, i, being the components of velocity of the moving point. 

Larmor ('iEther and Matter,' p. 152) concludes that the tangential component of 
(X^, Y', Z^) should vanish at the surface of a conductor in steady motion. Strictly, 
we have no equations for the interior of a perfect conductor, but we define it as a 
body^ incapable of supporting electric stress. It seems to me necessary to make 
(X, Y, Z) and (a, ^, y) vanish, although from one point of view it might sufiice to 
make (X', Y\ Z^) vanish throughout the conductor. 

We have next to determine how these quantities inside are related to the similar 
quantities outside the surface. The fundamental equations integrated through a thin 
shell in the usual way show that the tangential component of (X^, Y^, Z') is continuous, 
but the fact that we have no right to assign the fundamental equations or the above 
form of (X^, Y', Z^) to the inside of a conductor raises a doubt. If (X^ Y', Z^) is 
continuous as regards tangential components, then the tangential component ot 



150 ME. GEOEGE W, WALKEE ON THE INITIAL ACCELEEATED 

(X, Y, Z) is discontinuous because the tangential component of (a, /3, y) is discontinuous 
and measures the surface current. To avoid this discontinuity of aether strain 
tangentially, I consider the possibility that the tangential component of (X, Y, Z) is 
continuous. It follows at once that for a perfect conductor we must have either the 
condition (1) that the tangential component of (X, Y, Z) vanishes, or the condition 
(2) that the tangential component of (X', Y\ Z') vanishes, just outside the surface. 

The motion we propose to consider is not-, however, steady, but is supposed to be 
variable. The condition inside the conductor remains the same, and on the basis of 
continuity of sether strain tangentially we again get condition (1). The argument by 
which condition (2) is established for steady motion does not appear to me quite so 
satisfactory when the motion is variable. An experimental difficulty arises to my 
mind in this connection. We know that a copper sphere can be set in rotation by a 
rotating magnetic field, and that the motion of a copper plate is rapidly damped in a 
magnetic field. If condition (2) holds generally for variable motion, the tangential 
forces that actually exist in these experiments are not explained. Condition (1), 
however, provides an explanation, because it gives a tangential component of (X^, Y^, Z^) 
at the surface. 

I cannot claim to have proved condition (1), nor am I convinced of its correctness ; 
and, on the other hand, condition (2) seemed to present difficulties. The position 
seemed to call for reservation of judgment, and the only course was to work out the 
cases for both conditions. 

The distinction is, of course, immaterial when squares of the velocity are neglected. 

In dealing with large velocities the question of Lorentz' hypothesis, that a body 
contracts in the direction of the motion in the proportion (l — v''^/G^)\ naturally arose. 

So far, no dynamical explanation of such a hypothesis has been obtained, and 
considerable doubt still exists as to whether it is really necessary. In dealing with a 
varying velocity the hypothesis would clearly introduce complications of a somewhat 
unsatisfactory nature from a dynamical point of view, if from no other, and I have 
therefore decided to exclude it from the problem. 

The method of investigation to be pursued was suggested by reading Love's paper 
on ''The Mode of Decay of Vibratory Motions'' (' Proc. Lond. Math. Soc.,' ser. 2, 
vol. 2). In that paper an exceedingly elegant method of dealing with the vibrations 
of a fixed electrified spherical conductor is established. The electrification is initially 
constrained to be proportional to a zonal harmonic, and the constraint is then removed. 
It appears that rapidly damped harmonic or exponential trains of waves are produced, 
and equations for the determination of the constants are obtained. 

On examination of the expression for an initial zonal distribution of the first order, 
it appeared that if the sphere carried, in addition, a constant surface charge, then a 
mechanical force, due to the radiation, was exerted in the direction of the axis of the 
harmonic, and the force vanished only when the vibrations had subsided. It was 
thus argued conversely, that if a charged sphere was initially at rest and an 
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accelerating force applied, the initial motion would be attended to a first order of 
approximation by the production of a damped harmonic train of radiation depending 
on a zonal harmonic of the first order, and that equations could be formed for the 
motion of the sphere. This method proved successful (^ Roy. Soc. Proc.,* A, vol. 11 , 
p. 260), and was extended to a second approximation. It was next found to be 
applicable to a disturbance from a state of steady motion with any velocity in a 
straight line. 

3. Initial Motion of a Charged Conducting Sphere. — This problem was solved in 
the paper just referred to, but the accelerating force was supposed to arise from a 
uniform electric field. In order to obtain the electrical effects of the motion free from 
a superposed electric field, it is convenient to suppose that the accelerating force is of 
a purely mechanical nature. As the procedure is almost identical with that given 
(' Hoy. Soc. Proc.,' loc. cit.), it is sufiicient to note that if f is the displacement in the 
direction of x the primary equations are 

aY^{Gt-a) + ax'{Ct~a) + x{^^^^-^^)-e^/G=^^ (1) 

and 

„,i:+|^^-(a_«) = F, (2) 

a 

where F is the mechanical accelerating force. 

The initial conditions are ^ = ;)^^ = when r = Ct + a and ^ = f = when ^ = 0. 
If we write m^ for ^e^/aC^ the solutions are 



X (C^-r) ^ Ae-^'^t-r-.'^/^a ^Jj^ j /g _j_ ^J" i^^tEll + ^ 



+ 2 7 -^w^ \ {y-jt-r-^-aV- , -^(ijt-r-\-a)--, -7^0 
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where 



1 F \ .> 2m! at 2m^^ a 
^(m + m^) L {m + m^) Q> {mo + m^fG'^ 

A • eYa'^nim^ 

A sm e - 



.^/\8 



and 



3 -I- — „. A cos e — -^, _ /___ 

m J 0^{m-\-nvy 



It may be observed that the initial displacement expressed by the damped 
harmonic part is equal and opposite to that expressed by the non-periodic poi'tion. 
After one complete vibi'ation the amplitude of the vibratory part falls to 

e \ vt / 
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of its initial value, and thus the vibratory motion may practically become insignificant 
before the equations become invalid. Since the decay is exponential this can be 
secured for moderate values of Otja while the whole displacement can be made small 
by making F small. 

In these circumstances the displacement of the sphere is adequately represented by 

. ^ -, F I ^2 , '^^n'at 2m^V ] 

^ (m + m^) \ (m + m^) C {m + my C^ J 
while 

Y(Ct-r) = 1^...^^^^ \(Gt-^r+a^-^^~^^^-~(Gt--r+a^^^'^^^ 

throughout a certain region. 

Within this region the state of the field is given by 

(X, Y, Z) = ~ (x, y,z)^{l, 0, 0) i y^-^^^-j^^ ^~^^- 

/ . XI eF (3a^ + r^) 



2 






At greater distances the damped harmonic train would have to be retained. 
Hence a constant surface density is established, given by 



We further find that 



1 r e 2eF -o 

\iT 1 a? {in + m')a C^ 

(m + tr^ ) \ in-\~m (J/ 
y F 



^< 



Hence the sphere arrives at the point f as if the equation of motion had been 

(m -I- ni^) '^ ^^- F 
With an mitial velocity -r-~~ — --j^^^-y- and an initial displacement ^^-^™™^~-~™^-p™ vVe nave 
thus shown that a uniformly accelerated motion is possible, and that the reaction of 

* * 

the medium is m^^. 

If we introduce a new variable, <^, defined by ec^/C = x~^^/^ ^^^^ equations (1) 
and (2) become the equ^ations of motion of a system in which the kinetic energy is 

^ In 'Roy. Soc. Proc.,' he. cii,, p. 265, line 5, write ml{m + m') for | (2/?^ + m')/(?/^4- ?»'). 
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the dissipation function 

and the potential energy 

V = imYCya'. 

It is important to note that a dissipation function is required, and also that a 
gyrostatic term has to be introduced in the kinetic energy. It gives a hint as to the 
pure dynamics of electro-magnetism. That such a term should occur might be 
expected from the fundamental equations of the theory, but in the general energy 
methods of treating electrodynamics I can find no explicit reference to such a term^ 
nor do I see that it could be obtained by other than a Newtonian method. Having 
obtained the term, it would no doubt be easy to. show that it is included in the energy 
function, but this illustrates exactly Macdonald's contention ('Electric Waves,' 
chap. I.), that the modified Lagrangean function itself cannot be used to determine 
the concealed motions. 

The equation (m + ni) ^ = F, which we have seen may rapidly come to obtain, may 
be held to suggest absence of radiation. This, however, is not really the case. We 
have already remarked that the true solution, while consistent with this equation, 
gives an apparent initial velocity and initial displacement, originally connected with 
the damped harmonic train. 

The rate of dissipation 2 D is found to be 

m^F^ ( m a 



(m + my \ m+ m^ C/ ' 

which shows that when t > -. . -^, the effective part of the dissipation is really 

negative, suggesting that energy is being supplied to the system. Initially, to avoid 
this, we should thus have to include the vibratory part. 

If at a time ti the accelerating force ceases, the sphere settles down to a steady 
state with a constant velocity. This is accomplished by the production of a new 
damped harmonic train. 

We may carry out the solution as before, and when the new damped harmonic train 
becomes negligible, we find that 



^ __ — — ^^ — — _- ^ 



am!¥t^ 



/\2 ' 



and the field is 



(m + m^) {m-\- m^ ) C (m + in!) 
(X, Y, Z) = ™ (^, 3/, 4 

(a, ^, y) = -- (0, —z, y) —^ . 

Thus the velocity finally established is ¥ti/{m + mf), which is the velocity acquired 
by the system having inertia {m-\-mf) acted on by the force F for a time ti. Thus the 

VOL. CCX.~ — A. X 
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apparent contribution to the initial velocity produced by the first vibrations is exactly 
destroyed by the second vibrations. In a similar way the apparent contribution to 
the initial displacement is destroyed. 

The contribution A- 7 — jr is the displacement due to F actin^^ on (ni~\-m^) for a 

^ (m-f m^) ^ t, \ J 

time ^1. The contribution -z--- — -^7--, on account of the apparent initial velocity, 

could not be expected to disappear. 

There is no loss of energy since the velocity established is -. — '■ — ^, and the energy 

of the system is \, ^— rr or Fxi-7 ^— rr, and is thus the work done by force F 

acting on {m-k-w!^ for a time ^1. The dissipation function is now found to vanish. 

The result then shows that the initial motion is attended by the production of a 
damped harmonic train. On account of the rapidity of damping, a uniformly 
accelerated motion soon becomes possible. 

The existence of a gyrostatic term in the kinetic energy has been revealed, and also 
the existence of a dissipation function. 

The production of waves (Rontgen radiation) by the sudden creation or destruction 
of a velocity has been already shown by Thomson (' Conduction of Electricity through 
Gases/ p. 538). Our investigation shows that the establishment of a constant velocity 
is really attended by the production of two rapidly damped harmonic trains, which of 
course combine if the time of action of the force is sufficiently short. The frequency 

of the waves is (3 + 4 — and the modulus of decay C/2a. 

V mj Ana 

4. Second Order approximation.— When the former expressions for the field are 
carried out to squares and products of f and x(C^— t), it appears that the motion is 
modified by the production of damped harmonic waves depending on a second order 
zonal harmonic. 

We therefore introduce a new function x^i^^'^'^) associated with a second order 
zonal harmonic supposed to be small of the second order, while ^ and ;)(i(C^— r) are 
small of the first order. (X', Y^, Z^) now difiers from (X, Y, Z) by terms of the 
second order. 

We can readily show that this will introduce terms of not less than the third order 
in the equation of motion of the sphere when condition (1) is used. 

Thus the surface density is given by Attct — N, where N is the normal component 
of electric force. Since the tangential component must vanish at the surface, the 
force due to radiation reaction is 



— JL 
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o-NPi dS, 



2iT jo-Ti rfS. 
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Thus, if 



where 

and 

the force becomes 



a = otq + (TiPi + cr2P2, 

cTi is of the first order, 

(72 is of the second order. 



■+i 
•1 



iTT^a^ Pi (cTo + o-iPi + CTaPs)^ dfi, 



= 47rV (|(7o(ri + rs o-io-s). 

This result can readily be extended, and it appears that only products of successive 
cr's occur. 

I had a special reason for wishing to examine the effect of a uniform field of electric 
force F in this case, so that the new meaning of F must be remembered in comparing 
results with those of the preceding section. 

The forms to be assumed for the field in accordance with the fundamental equations 
up to the second order are 

(X, Y, Z) = ^^{x, y, z) + ^(x^ xy, xz) (r V + S^x/ + 3xi - 3e^/C) 



+ (1, 0, 0)|F-^(rV+^x/+Xi-e^/C) 

+ ^^(x, y, .)|(rV'+3rx/ + 3x:)-^(rV'+6rV+15rx/+15xi) 

+ ^(x, y, .){(r^x/''+3rx/ + 3x.)-^(rV"+6rV+15V+15x.) 

+ ^ {x, 0, 0) j (r«x/" + 3r V + 6rx/ + 6x.) + ^ {r\r + 3r^x/' + 6 ^ + 6x0 - ^ 



> . 



Hence, in order that the tangential component of (X, Y, Z) should vanish at the 
surface, we must have for r = a 

a V" + 3«'x/ + 6«x/ + 6x2 = ^' - ^ {«'xi'" + 3«'xi" + 6«x/ + 6Xi)- 
Hence we find that the surface density of electricity is given by cr, where 

while the equation of motion of the sphere is 

X 2 
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There is theoretically an additional reaction due to the magnetic force acting on 
the surface current. It depends on the fourth power of the velocity, and has there- 
fore been neglected. 

Vibrations then of the first and second order arise, but since these are rapidly 
damped we may fix attention on the motion possible when these have become 
negligible. 

A trial of the assumption f = |-^i^^, ^nd determination of the ensuing forms for ^i 
and X2 from the conditional equations, shows that in the equation of motion we leave 
unbalanced terms of the third order in ki which depend on the time. 

A uniformly accelerated motion is thus impossible with a constant force, but we 
may destroy the terms of the third order in the equation of motion by assuming for £ 

where ^^ and k^ are at least of the third order. For the satisfaction of this condition 
we lequire ^ ^F f . ^ g^F^m ( Smnf^ — m^ — m^^) 

In these expressions higher powers of F have been neglected. 

The values of (X^, Y^, Z) are obtained by adding to the expressions for (X, Y, Z) 
the vector -(0, y, z) (^x/' + x/) f/r'. 

Hence, using condition (2), the equations that hold at r == a are now 

«V+3«V + 6«X/ + 6X^ = 3er/C-f (aV"+3a^Xi" + 6«x/+«Xi)-^(«x/'+x/)«'M 
while the surface density is given by cr, where 

^"'^ = ^ + ^(^-2^v)+^^{«V'+«V+^(«V'+«'xx'0+^(«x/'+x/)«7C} 

The equation of motion is 

Proceeding as before, by assuming 

we find, up to terms of the third order in F, that k2 = k^ ™ and 

^~m+m'l ^ C^ (m + my 
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Thus, using condition (1), a uniformly accelerated motion under a constant force is 
not possible, but since the deviation depends on the third power of F, it is clear that 
a high degree of accuracy can be claimed for the results of the preceding section. 
Using condition (2), a uniform acceleration is possible, including the third power of F. 

The constant part of the acceleration is modified in a way which depends on the 
relative magnitudes of m and m'. In each case the effect may be to increase or 
diminish the electric inertia by the existence of the field. The result differs from that 
obtained by Heaviside ('Nature,' April 19, 1906), and afterwards by Searle 
('Nature,' June 28, 1906), who find that the field always increases the electric inertia. 
The argument is based on the energy of the steady state, and I have already shown 
that no legitimate inference as to inertia can be drawn from this. 

It is noteworthy that if the field F was of the same strength as that produced by 
the charged sphere at the surface, viz., efa^, the term a^¥^/G^ would equal e^/aC^ 
or f m'. 

If the approximation is valid for such a field, the effective modification of the 
electric inertia would thus be very considerable. 

This conclusion is of very great importance in experiments on Becquerel or Kathode 
rays, where we must suppose that a large number of charged particles are moving 
very close together. It seems impossible to estimate how much effect would be 
produced, but that some modification of the effective inertia would result from the 
mutual field of the charged particles is beyond doubt. 

5. Initial Motion of a Charged Conducting Sphere moving with any Speed after 
Longitudinal Acceleration is imposed. — The problem of the steady linear motion of a 
charged sphere using condition (1) has been solved by Thomson (' Recent Researches,' 

We now proceed to investigate the effect of an accelerating force in the direction ol 
the existing motion. 

The general equations for the field in the aether referred to a fixed origin are those 
in Section 2. 

If we refer the system to a moving origin, for which the displacement parallel to x 
at any time is kCt+f{t)^ wherein is a constant, the equations become 

oy d^ da dy 9^ _ 8f^\ 1 f 9 _/^n . fff) 1 1 /v V Z) 



^'3Y 3Z 9Z 3X 3X 3Y\ 1 [ 3 






dz 3^' ox dz ' 3^ dxj C [3^ 



-(^c+/03^}(«,/3, r;> 



9^ 4_ 9j^ I 37 _ /^ 

dx dy dz 

__ -J- _ -J- — — ..^ \J^ 

ox oy oz 
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When f(t) — we get the equations for the case of uniform motion, and as a 
solution of these equations independent of time^ we get 



# 



cz ay 

X--(^-P^^ Y - -^ Z - -^ 

d^ dy cz 

where \pQ is a solution of 

^ ^ dx^ dif 3r 

In order to pass to a disturbed motion, we may assume f{t) to be small, and that 
the electric and magnetic forces differ from the steady values by X, Y, Z, a, /3, y, 
which are small of the same order as f{t). 

Hence, neglecting squares and products of small quantities, the fundamental 
equations are 

dy 3/8 da dy d/3 da\ __ 1 / d ,p 3 \ .^ y y. f{t) d ^-^ y y . 

dy"dz' a^"'a^' s^""3^/~cW"^'^W^ ' '^"'"TTs^^^^'^^''^^^ 

8Y 8Z aZ ax 3X 3Y\ 1/3 jn^\( q \ f (0 9 / o \ 

>^v 3^"^ 3^' -wr-^j^mr^^y^^^ 

^ +M + ^ = 

dx dy dz 

3X , 3Y 3Z _ ^ 

ox ay dz 

When condition (1) is used it is convenient to assume the system 

C dt dz dx dz dx dz ' 

Gdtdy dxdy dxdy' 

Y - __ /I -P\ f ^Vo _ 3^</> 3^^ 

^~ ^^ ^"'^ dx' df dz"' 



where ^ is a solution of 



dx dy dx dy ' 
Z = - f ^^^Q I ^'^ 

(^ ir^W p2/a'<^_^3^(^_^3^f 
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and (jy is supposed to be small of the same order as /, but there is no restriction to a 
small Yalue of h 

In the particular case of a charged conducting sphere, we have to satisfy the 
condition that the tangential component of electric force should vanish at r = a, and 

that the surface density of electricity is given by — (normal component of electric 

force). 

The appropriate form for \jjq is 

where 



,/,0 = (1-F)-VVP: 



X 



and e is the total charge on the sphere, which is not uniformly distributed. 
The corresponding simplest form for (p is 

where \ = A:/(l— F) and x i^ ^i^ arbitrary function. 
Thus the contributions to electric force are 



ef 



(X, Y,Z) - ^^{ 1, 0; 0)^x (]._/j2)va+|(i_p)i/2+^*^}x' + ^l_p-)i/8|(^_py/2 



-f ■ \x 



X 



.// 



■ n P fft llMI ' 



k 



( 1 - F) p' ^■^' ^' ^M ^' ^ ( 1 - ky ^' 






X 



{l-¥)p' 



{x, y, z) 



^\ 



X 



ef 



^ -[- 



3/) / p^ n 

X "T" / 1 7.2\ X 



{\-ky^\ (i_^2)i/2A ^___^^ 



Now, the finite terms due to the steady state are already chosen to secure the 
vanishing of the tangential component of (Xq, Yq, Zq), hence the tangential component 
of (X, Y, Z) will vanish at r = a, provided 



X 



e/ 



(I-Ff^ 



+ 



9 iXtI v^+ P J P \\r\ v^^ 







when r = a, for all values of t. 

As in the simpler case in Section 3, damped harmonic vibrations will arise and 

rapidly become negligible. We therefore proceed to consider the motion established 

when the vibrations have subsided. 

Let 

f :=:i^f^f where Jo is constant, 
then, if 



X"-= i 



^ a^ "^ 



C/-- P -Xr I 



the tangential condition is satisfied identically. 
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Hence the total components of electric force at r = a are 



(Xq + X, Yq+x, Zq + Z) ■— 



e 



{1-^Ff'p 



8 (i^, y, ^^)', 






k 






(l-^F)p 



X 



a (^' ^. ^) i ^ 



Sx 



2 



(l-F)p^ 
5a' 



/ (CO. 



^^-^^--,(.x,2/,.)|i-^^-^,|x''(co. 



The surface density of electricity is given by cr where 



477(7 = 



BQ/ feet ^ dX 1 / / f^-i-X OCX I ^ oC^ 

(l-Zc^^V^ (l-F) fy' I (1-F) p4 '^ ^^ {1-F)f^'\ "(l-F)p 



x" (CO- 



It may be verified that the terms in ^^ (Ct) and x^^ (C^) contribute zero to the total 
electric charge as is required. 

Since there is a surface current in addition to the convection cruTent due to 
transference of the sphere, the mechanical reaction on the sphere is 

= 1 f{o-(Xo + X)-w(A,+i8) + t.(ro+y)}riS, 

where ii, v, w are the components of current determined by the surface discontinuity 
of magnetic force and the integration is taken over the sphere. 
Neglecting squares of small quantities the value is 






+ 1 



"1 



X 



1 + 



k^x 



1-M 



2 \3 



1- 



< 



(i-*-)(i^^) 



+ 



F x^{l—x^) 



2 



2^2 \3 



1 + 



^ 



kx 



(a/X, 



The evaluation of the integral, which is somewhat tedious, gives for the reaction 



The equation of motion of the sphere under a force F is thus 



m/o = F+ii- 



i.£!A'j 



aO 



4-13F+6F 4:-5F+4:k* _,_ 



sin 



k 



We thus prove that, to the given order of approximation, a uniformly accelerated 
motion is possible as soon as the vibrations subside, and conclude that the initial 
electric inertia for longitudinal acceleration is 



e 



2 



16 



(4-5F+4F) . _i, {i-13F+6t) 

7.3/1 7.2 \ 3/2 ^^^ '^ 7.2/1 7.2 \ 



aC'i F(l-F) 



F(l-F) 
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The limiting value of this expression when ^ = is found to be f e^/aC^, thus 
agreeing with the result in Section 3. 

When condition (2) is used the method of procedure is very similar to that already 

used. 

The components of electrodynamic force are 

^ ^ dx ^ ay ^ dz 

The condition that the tangential component of (X'o, Y^o? -Z^o) should vanish at 
r = a is equivalent to the condition that t/;o should be constant at r = a The 
solution of this problem is given by Macdonald (' Electric Waves/ p. 172) in the 
form 

^0 = ^ log coth It?, 
where 

X' ^ {l-h^){y'+z') ^ p^3_ 

cosh^ 7) sinh^ tj 

It appears that the surface density of electricity is uniform and equal to e/^ira^. 
In proceeding to the disturbed state it was found convenient to modify slightly the 
expressions formerly used. 

With the same restrictions as before the total field in the disturbed state is 

given by 

a = 0, 

dz Gdt dz dx dz dxdz dz' 

^ dy Gdtdy dxdy ^ dxdy dy' 

X= -(l-F)|to^^l-F)/^-p-^^ + (l-F)|^, 

. ^ dx ^ ^-^ dx^ dy^ dz^ ^ dx 

Y= -^-/•^!^ + ^^ + ^, 
dy dx dy dx dy dy ' 

Z = - ^ - f ^''^^^^^ 4- ^^^ +^. 
dz dx dz dx dz dz ' 



Hence 



X - _(l^^)_-(l™^)/^ -^ ^ + (1 L)^^, 
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In these ;>(, which is independent of t, satisfies 



3^ 



a-^^)§+^?+S-=0: 



and (j) satisfies 



dx^ 'dy' 



dz' 



\dt dx, 






while X and ^ are both small of the same order as /.* 

Vibrations may be supposed to arise and subside rapidly. It is clearly not possible 
to determine these in a simple form since the question corresponds now to vibrations 
on a spheroid at rest. 

Such vibrations do not lend themselves to analysis in the same way as vibrations 
on a sphere, and only approximate treatment has been found possible. 

Our object, however, is the determination of the motion after vibrations have 
subsided, and with this limitation it has been found possible to complete the solution. 

The determination of (^ and ^ to satisfy the surface conditions proved an exceed- 
ingly difficult problem. The process was in great measure tentative, and does not 
possess much intrinsic interest. When obtained the solutions can be verified in a 
straightforward although slightly tedious manner. 

If 



• • • a 

'Jlt^, where /J) is constant. 



then 



where 



f 



^= \^i- (T^j "^'"^ {^^" (SnI "^^■^'^'^ 



ri — 2 p2^0) 



^0 = -^ log coth ^rj._ 



e 



^' ~ ^ C^ • k{nF) i '^'" ka cosh 7/ 1 ' 



and 



where 



<5&3 = 






x^ ,2 2, (3 — F)a.^l , , 2 eka , 



(1-F)- 






B=l//l-l-logl+^^^ 



V' 



2k 



i-kr 



These expressions substituted in the equations satisfy the condition that (X', Y', Z') 
should be entirely radial &t r = a. 
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The components of electric force s^t r = a are 



• • • • 



k'B-^ 



',2 ' 



a{a'-¥x') G'a{a'-Fxy C'a{a'-kV){l-F)\ l-k 

y _ ez 2JlekCtx^z f^fixz Ij. FB \ 

" ~ a{a'-li'x') ^ (Jala'-Fxy (J'a{a?-¥x'){l-k?)\ ^ T^V' 

Thus the surface density of electricity is given by 

4w = ^ + f^^^ (l + 1K\ 
a' C'a{\-¥)\ 1-kV' 

There is thus a redistribution on the sphere while the total charge remains 
unaltered. 

The mechanical reaction on the sphere in the direction of x is ^IcrX! rfS, since in 
this case there is no surface current, and X^ = X. 

The term in fot vanishes on integration, and hence, neglecting squares of jf^, the 
value is 






(l-k) k'{l-F)r 



Hence the equation of motion is 



ie% 



1 1.^(1+'^) 






Thus a uniformly accelerated motion is possible, and the initial electric inertia for 
longitudinal acceleration is 

2 4W^1^ 



e' 



^a^ 



F(l-F) k^ ''(I -A;) J 



This result is the same as that of Abraham for a rigidly electrified sphere. The 
investigation shows, however, that a redistribution of the charge takes place. 
The limiting value of the expression for yS; = is ^e^/aC^, 

6. Initial Motion of a Charged Conducting Sphere moving with any Speed after 
Transverse Acceleration is imposed, — The sphere being in steady motion with velocity 
kC parallel to x, we now suppose the accelerating force to act at right angles to the 
original direction of motion. 

Thus we now take f{t) as a small displacement parallel to the direction of ^. 

Y 2 
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Referred to the centre of the sphere as a moving origin the steady state is given as 
before by 

oz ay 

dijjo V ™ ^^0 Z = — ^^^ 



ao = , A 



X. 



(1-F) 



Y. 



'0 



c);r di/ d2: 

Proceeding, as before, to a first order approximation, we find that the field due to 
the disturbance, using condition (1), is conveniently expressed by the system 



a ~ — 



G dt dz 



fi = 



y = 



x = 



Y = 



d'cf> 



Z = 



dy dz dz dy ' 

Qdtx ^ df df 

_(l_F)//|L + (i_F)^ + -^|!f. 

^ dxay ay ax (jdtay 

dy^ ^"^^ ^"^^ ^ ^^ ^"^' 



8a;^ dz' G at dx 



-3.,' 



where (^ is a solution of 



81/ dz dy dz 






-^ai)v=-p-iH-i 



supposed small of the same order as f. 
We assume the same forms as before 



r 



X.T 



The contributions to electric force are 



1 



ef 



1 



(X, Y, Z) = 1,(0, -1, o)LJx- ^^K 1^-^, +x.|x'+ ^^1^^,+x.jx'; 



3./ 



3p 



The tangential component of electric force vanishes at r = a if 

X- (Y:^ + {(izjip +^X'+ (YI.^y^4^ 



when r = a for all values of L 
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If, as before, we consider the state when the vibrations have subsided, we find that 
the tangential condition is satisfied by assuming 



X — 2 



41 



{l^hJi'O 



P 



C^ 



{i^kY' 



Xx 



2 



a' 



(1-FX 



The total components of electric force at the surface are 



— 7 r?r-^ (•'^5 V^ ^) Y^ (CO 



+ 



y 



M 



T 



(l-F)p 



1 {^^ ^. ^) U - — x'' (CO- 



The surface density of the electricity cr is given by 



4c7r(T 



ofCQ/Ocy 



ea dfcaxy , /p n ay 



3a' 



X" (CO- 



The terms in x^(CO ^^^ x'^(CO contribute zero to the total charge of the sphere. 
The mechanical reaction on the sphere in the direction of y is 



2 



{cr (Yo+ Y)— it (70+7) + w; (^o + a)} c^S, 



where the components of current are determined as before from the surface discontinuity 
of magnetic force. 

Reducing the expression and neglecting squares and products of small quantities, 



we get for the mechanical reaction 



,e%\ (4F-1) 






Thus the equation of motion under a force F is 






+ 



1 + 2;^^ 



Hence, to this order of approximation, a uniformly accelerated transverse motion is 
possible when the vibrations have subsided. 

The initial electric inertia for a transverse acceleration is thus 



, e^ I (4F-1) . , 
^ aC''\k^l-k'y" 



1 + 2^ 






F 



The expression, when converted in notation, is identical with that obtained by 
J. J. Thomson ('Recent Researches,' p. 21). 

The limiting value for A = is found to be as before, f e^/aC^. 
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Using condition (2), the forms to be assumed for the total field are 



J O 






<!> 



Cdtdz 



fi = k^A +kf^^ -k^ -k |x 

' TAr^ ^ An, Ar^ An, Ar/ A'-J 



7 



dz ' '' dy dz dy dz 3: 



dy C dt dz dy^ dy' 



Jv. = — 



a^<^ 



k 0^ 



^ ^ dx ^ '-^ dxdy ^ ' dxdy C dtdy 



■+{l-F)^^ 



ox 



Y = 



dy -^ df ^ ' dx' dz' G dt dx dy ' 



^ 



Z = 

Hence 
X'= -(1- 



dz dy dz dy dz dz 



F)|^_(l_F)/^_ + (l_P)^9!^+^^ 9'<^ 



dx 



dx dy 



dx dy C dt dy 



U dy ax 



Y'= -(.-P)?|-(l-F)/^+(l-*') |-^»^.(1-*>)|^ 



ai^, 



aVo 



d'cj, 



71 = _(i_F)^-(i-F)/^+{i-F) ^+(1_F) 2(. 

^ ^ dz dvoz dvdz cz 



dyd:- 



d^ 

dz 



We obtain as a solution when the vibrations have subsided 



where 



i> 



f=W' 



<f> 



Ct-~ 



kx 



W 9 

1 Jo 



(1~-F) 



e 



<^x+ a 



kx 



(i-F) 



<^2 + ^3, 



1 - 2 (4 ^0, 'I'''" ia ^^^ ^^^^^ ^"^^ 



and 



where 



CJ)2 = 



<^3 = 



1. 

2 



Jo2x 



^c 



e 



CVc (l—k^) 1 kct cosh 7j J ' 



2 Q2 



1 



X 



3(1-F) 



^' -^.y2 , .,2 , (3-F)a^ ] 2 eka cosh 7 ;' 

i:iF+2/ +/^+ (i^^2) 1^0+3 .^_..^2 



(l-Ff J 



1 /4 T>\ f I ^' sinh')7\l 



B = 2 



_(k:i:!)lop.(i±Mj. 
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These forms give at r = a 

e(]-F) 



(X'. Y', 71) = 



a {a'- Fx') C'a {a' - kVf C^a ( 1 - F) (a' - Fx') f ^•^' i'' ^^ 



thus securing the condition that (X', Y', Z') should be radial at the surface. 
Further, at r = a we have 

Y = e(l-F)a; 2f,eWt J (l-F)a;V ^ y 1 jjexy j l+F-FB) 
a {a'-Fx') G'a I (a'-Fxj ^ (a'-Fx') J C/a {ct'-JcV) (1 -F) 



Y = 



ey 



a (a^—Fx^) 



:7r + 



2foekGt r__aw!___i 



C^ 



a 



1 

2 



£C 



./; V(1+F-FB ) _ ^ 
C'a (a^ - Fcc^) ( 1 - kj G'a 



1- 






Z = 



e2 



+ 



2foekGtxyz 



jjey ( l+F-FB) 



a{a'-Fx') G'a{a'-Fxy G'a{a'-Fx'){l-FY 
Hence the surface density of electricity is given by 

4^^_ e _>y li 1 lo^ (1+^)1 ,foe y{l+F-FB) 

a' OVL 2yS ^ (l-yt)J GV(l-Ff 

Thus a redistribution of the charge takes place while the total charge is unaltered. 
The mechanical reaction in the direction of y is ^laY' dS since there is no surface 

current. Neglecting squares oifo, we obtain on reduction the value 



aG' 



"ifl (1+F). ( 1+^) 
,^\F 2F ^{l-k) 



1 

4 



A log (L+Jl) 

2k^{l-k)\ 



1 (1-F), (1+^) 
F 2F '"^{i-k)lj 



As in former cases, a uniformly accelerated motion is found to be possible, and the 
initial electric inertia for a transverse acceleration is 



e 



2 



aG' 



j (i±A'-l log (i±^:) _ il +1 11 w (i±M 
I 2F ^(1-^) Fr^ \2k^''^(l-F 






> < 



(ki^ log (l+M 



1 



LKi 



{\^l) FJJ 



(1-^') FJ ■ ^ L2^^^^(l-^) 

This result differs from Abraham's formula in so far as it contains the product term. 

The limiting value of the expression for ^ = is | e^jaG^ 

7. Comparisofh ivith Experiment, — ^In the preceding sections we have considered 
the acceleration to be produced by a purely mechanical force. It is perhaps almost 
directly obvious that if the force is due to a uniform electric field F, no change of 
electric inertia is produced when F^ and higher terms are neglected, as we have 
merely to superpose on the former solutions a uniform field with the appropriate 
induced electrification on a body moving uniformly. Initially, of course, this 
state is produced by the aid of a rapidly damped harmonic train. As a matter of 
fact the problems already solved were first worked out for an electric field which was 
afterwards annulled with a view to making clear how much of the induced electrifi- 
cation was due to the accelerated motion itself 
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The results established are true without limitation as to the size of the sphere, but, 
as will appear, it is only for velocities comparable with that of radiation that the 
possibility of experimental discrimination can arise. We are thus at present limited 
to experiments on negative electrons, and among researches on the deflexion of such 
particles Kaijfmann's investigations on Becquerel rays rank first in historical order 
(' Gott. Nachrichten,^ 1903, Heft 3 ; 'Ann. d. Physik,' vol. 19, p. 487, 1906). 

We propose to examine three expressions for the transverse electric inertia. 

With condition (1) we have 

; 3 r 4F-1 



m 



16F U(l-F)^/^ 
With condition (2) we have 



sin"^^+l + 2P 



ni 



m 



3 [1H-F|^_14-^ 

4FV~2^ ^^^l-k 
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/I 



( l+Fj 



8F 2/t 
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jj" 



2k 

1 + k 
l-k 



0! 



1+k 
l-k 



.} 



1 



l-k' 

— 1 



OP* 



t> 1 






(J. J. Thomson) 

or 
(Px^esent No. 1). 

(M. Abraham), 

(Present No. 2). 



In these expressions m^ equals ^e^jcKT, and k is the ratio of the velocity of the 
sphere to that of radiation. They all agree in giving the value tB^ when i: = 0. 

The expressions of Thomson and Abraham are derived from considerations of the 
steady state. The ambiguity of interpretation from consideration of a steady state 
has already been comm.ented on in Section 1, and has been definitely admitted by 
PoiNOARE. Thus it is not sm^prising that the expressions differ, although it so 
happens that we have obtained expressions which agree with Thomson's result 
for transverse motion and Abraham's result for longitudinal motion. 

The following table gives the numerical values of the co-efiicient of m- at various 
speeds according to the three expressions : — 



k. 


Thomson, 
Present 

No. 1. 

1 • 327 


Abraham. 
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491 


1-375 


•97 


3-669 


2-540 
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•82 


1-619 
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1-393 i 


•98 


4-469 


2-808 
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•332 
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1 • 658 


1 
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The values are calculated to the nearest unit in the third decimal place, and are, 
I believe, correct. They have been checked by a professional calculator. 

The numbers show that discrimination between ABIlAHAM^s formula and No. 2 
is a somewhat delicate matter, and would require experiments of a high order of 
accuracy. 

If we assume that the mass of the negative particle in Becquerel rays is 
m + 7)1 f{k) or /x, where f{k) stands for any of the co-efficients in the three formulae, we 
may apply the calculation to Kaufmann's observations. 

In Kaufm Ann's first paper we have the relations 

li — 41/0 -j:::: t^ - — - 1\.| - , 

(J . 11 y y 



C/x 



where F is the strength of the electric field, H the strength of the magnetic field, 
z^ is the magnetic, and y^ the electric deflexion. 

The constant Ki is directly determined by the conditions of the experiment, and 
since it is free from any theory as to the way in which /x depends on the value of k, 
this appears the most satisfactory way in which to proceed. Kaufmann, however, 
adopting Abraham's formula and the view that the whole mass is electric, proceeds 
to determine the constants which will best fit the^ experimental curve z\ y\ This 
does not appear to me to be strictly logical, since it gives a bias \\\ favour of the 
theory adopted. The procedure has been ably criticised by Planck (' Phys. Zeit,' 
1906, p. 753), and I think we must agree with him in standing- by the determination 
of the constant which is independent of any theory. Unfortunately in the first 
paper there are not sufficient data to calculate Ki, but we may accept the value '257 
for plate No. 19, which is stated to be in good agreement with the value as reckoned 
from the conditions of experiment. It ought to be specially favourable to the theory 
adopted by Kaufmann. 

e 

Plate No. 19 has been selected as the best, according to Kaufmann, and two 
readings omitted as clearly subject to some casual error of observation. The values of 

k are first calculated and then the values of y-f • These ought to be proportional to 

rv/6 

A+B/(7c). 
The values are then combined in pairs to give three values of B thus, 

B- (4)-(l) B = -M=i^ B- ^^)-^^) 

f{h)-f{h)' f{K)-f{hy f{h)-f{h)- 

These ought to give the same values for B. The mean is taken and used to calculate 
A. This is theoretically the best mode of combining the observations. 
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The superiority of Thomson's formula No. 1 in giving constant values for B and A 
is at once apparent. Abraham's formula gives distinctly increasing values of B as h 
increases, and thus does not give a large enough dependence of mass on speed, even 
if the mass is assumed to be wholly electric. No. 2 gives the same disagreement in 
the values of B and a negative value to the real mass, a result quite inadmissible. 

Selecting No. 1, we obtain 



^/C _ !■ 



and 



m+m'f(k) 

e/C 

m + m! 



62xl0^x 



2-21 



{•84 + l-37/(/fc)}' 



1-62x10'. 
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In his latter experiments, which Kaufmann considers more accurate, we have 



k 



F 



z 



where 



Hence 



C.H^/" 



' = S kz', 



C/A H 



F=315xl0^ H = 557-1. 



k = -1884 



y 



/ • 



As Planck has shown, this gives k greater than 1 for Kaufmann's smallest values 
of z^ and y\ and I have selected four of his readings from Table VII. as falling within 
a suitable range. 
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We again find that Thomson's formula No. 1 gives most satisfactory agreement, 
while Abbaham'b formula and No. 2 do not meet the case. 

z 2 
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With No. 1 we get 



^[^ - 1-^1 v- 1 n7 s. . ?_*1:^ 



= 1-71 X 10' X 



m-\-m'f{k) {177 + l*36/(^)} 

and 

„^/^= 1*71x101 

m> + m 

etc 
The difFerence between the values of ~, — J- — jr from the two investigations is not 

(m + m) 
perhaps very serious, but the relative magnitudes of m and ni' in the two cases is 
more important. In the first set m appears to be about ^m[, 'while in the second set 
111 is about equal to m!. Some latitude must, however, be allowed in the value of the 
constant Ki in the first set and the ensuing values of k. The function f(h) is 
extremely sensitive to changes of k, when k is approaching unity, and thus relatively 
large changes in the calculated ratio of in to m^ will be produced. More accurate 
experiments are necessary to decide this point. 

We may, however, claim that formula No. 1 provides a substantial explanation of 
Kaufmais^n's experiments, and assigns to the real mass of the particle a value 
comparable with the electric mass. 

If we wish to hold the view that the mass of an electron is wholly electric we must 
conclude that the particles in Kaufmann's experiments are not electrons, but are 
either charged particles with a real constitutional mass, or electrons which have 
become attached to gross matter. 

The analysis, on the other hand, is distinctly against Abraham's formula and 
No. 2. 

We have no right to conclude that the particles are conductors, as it is still 
probable that the assumption of perfect insulation would explain the experiments 
(see Section 9). We may only claim that the assumption of perfect conductivity 
does not disagree with the facts. 

We may, however, fairly argue from the experiments that condition (2) cannot be 
maintained along with the view that the particles are conductors, while condition (1) 
with this hypothesis adequately explain the facts. 

In forming a judgment of the results of this application of theory to experiment it 
may be well to recall the concluding paragraph of Section 4. 

Since this analysis was made an investigation by Buoherer (' Phys. Zeit,' 1908, 
p. 755) has appeared. He gives the results of experiments agreeing well with 
LoRENTz/ formula m^j^i—FY''^ for a " contracted electron,'' but not in agreement with 
Abraham's formula. I may say that Kaufmann's experiments also agree excellently 
with LoRENTz' formula, just as they do with Thomson's formula, when a proportion 
of ordinary mass is admitted. The reason is that both formulae contain an infinity of 
the form 1/(1— F)^/^ Kaufmann's results thus seem to me not inferior in accuracy 

to those of BiTCHERER. 
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LoKENTz' formula is derived from the '' quasi-stationary" principle, which may or 
may not give correct results. But, as was stated in Section 2, I have not yet seen 
how to apply the method of this paper to a body which alters its dimensions as the 
velocity alters. 

Discussion of Bucherer's results by the present method cannot therefore be 
adequately done. We may note that Thomson's formula would not agree with 
Bucheeer's numbers as well as does Lorentz' formula, but would give much better 
agreement than Abraham's formula, or the corrected value using condition (2) for an 
accelerated motion, 

8. Initial Motion of an Insulating Charged Sphere. —We shall suppose that the 
sphere, initially at rest, has a uniform surface charge e, that the material has a 
dielectric ratio K, and that the velocity of radiation in the material is C^, thus 

K = CVC'l 

The equations for the aether outside the sphere remain the same as before, but 
while the field inside tlie sphere is initially zero, the motion must give rise to a 
disturbance inside the sphere. 

While the fundamental equations for the aether are unaltered by the motion of 
electrified bodies, this is not the case with the equations for the moving matter 
itself 

As will be shown in Section 9, there is still considerable uncertainty as to what 
the true equations are. This difficulty does not, however, enter in the first order 
approximation. 

If we refer to the equations for the aether in Section 5 and put k equal to zero, we 
see that the problem of a first order approximation there turns on a solution (j) of the 
equations for a state of rest along with a solution depending on the initial field, the 
latter depending on the form of the equations. 

Now in a similar way the disturbance in an insulating body will depend on a 
solution of the equations for the insulator at rest along with a solution depending on 
the form of the equations for a moving insulator and the initial field. Since, however, 
the initial field inside the sphere is zero the difficulty is removed, and we require only 
a solution of, the equations for the insulator at rest, and these we know to be of the 
form given on p. 148 mpra, with G replaced by C^ at all points where there is no 
charge. The iniits must be suitably chosen. 

Hence at points outside the sphere the electric force is given by 

(X, Y, Z) = J(,x, y, z) + ^,{-l, 0, 0)(rY' + rx' + x-ef/C) 



174 MR. GEORGE W. WALKER ON THE INITIAL ACCELERATED 

Inside the sphere we may have both converging and diverging disturbances, and 
hence we assume at all points inside 

(X. Y. Z) = <J(-1, 0, 0){,^^."(CV-,.)+,-^/(C'«+,.)H-,.(*'-M+*.+*} 

Now the field must not become infinite at the origin, and this requires as a primary 
condition that 

Neglecting squares of velocity, &c. (X, Y, Z) = (X^, Y^, Z^), and the tangential 
component of electric force must be continuous at r = a, and hence we get 

Further, the surface density of electricity cr — ^ and the difference of normal 

flux must equal 47rcr. 

We thus get the additional condition 

The components of electric force at the surface are 

Along normal outside Ni = ™ + — ™^~ (^X^ + X^^^/^)^ 
„ tangent „ T, := -~^^{aY+^x'+X~em^ 

CI 

normal inside Ng = — ^— ^ [a (t|^/— t/r/) +t/;i + i^2}, 



„ tangent „ %^ -^-^^- {aJ' W + ^r) + a{^^'-^\>^)+r\s, + ^l>,] 

Now the resultant tractions are 

Along normal -- { N/ + (K -- 1) T,^^ KN/} , 

eTi 

,j Tangent} x . 

Hence the force per unit area in the direction of a:^ is 

-1 {N/+ (K-1) T,^-KN/} cps e+ ^-, sin d, 
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On integration for the whole sphere we get the comparatively simple value 

Thus the equation of motion of the sphere is 

a 

Since the initial conditions are f = 0, ^ = 0, when ^ ^ 0, and ^ i^—a) = ^' ( — a) = 0, 
we get the integral 

Hence, eliminating ^, we get the equations 



C 



^^'+(^+1")^"*^} = KC'{a(^/-,A/) + ^,+^,}, 



Thus, as a particular solution, we get 



X(a-a) = i— ^^ 



/^2j2 2'maGt o 2 f fn-'m' , m 

^i 7 7\~^^ i 7 A2 + 



(m + m') C*L {m+m') [{m + m'Y (K~l) {m+m')] j' 

In addition, we must have vibratory terms in order to secure the satisfaction of the 
initial conditions. For this purpose we assume the forms 

x{Ct-r) = A.e-^(ot-r+u)/a^ 
i|/i (G't-r) = Be-^"'^<«''-''+'"^ 

These satisfy the condition 
Substituting, we obtain the equations 

G (^1 + ^ -x) A = KC'{ l-K'^'\-{i+K''"'\) e-''''''} B. 
The values of X are thus the roots of the equation 

.-2K"'A_ '\ mj "■ '\ mj \ mj ^ ' 

t? " . - ' " . .II .i .. .1 I — — — 

(K- 1)( 1 +^j + (K- 1)(kv^- 1 + KV^^V-/' K- 1 + K'/^^yKV^X^+K{KV^+ 1)X«' 
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Inspection shows that there can be no purely imaginary root, and further that 
there must be an even number of positive roots, if any. 

Again, for even moderate values of K the roots will be nearly those of 






ni / \ 771 J 



provided the root makes e very small 

Now this equation suggests a single positive root, but examination of the initial 
form of the function shows that this root cannot differ from 0. As regards the 
i-emaining two roots of the cubic, it is readily shown that real positive values of X ai'o 
Impossible, while real negative values cannot make € small. Heiice we have a pair of 
complex roots, the real part being positive. 

For still greater values of K, the equation approximates to the form for a conductor, 
namely. 



1 + 



ni 



m 



X + X' == 0. 



There is, of course, also the possibility of other complex roots, just as in the 
dynamical case of an elastic sphere vibrating in air. Without entering on the 
determination of these, it seems reasonable to expect that the vibrations are of a 
damped harmonic type and rapidly subside. They will be considered in Section 11. 
When this condition has been secured, we get the solution in the form 



x(CV.-r) 



and lience 



eF 






{m+'77V)G'^ 



(a 



r + ar -^ jr — ^ — 2 a; 



mm 



"in 



(m + rny (K — 1 ) (m + qu^) J _^ 



^ — 2 / , /\ 



f+,^.,M^^+2a/ 



rri 



n 



h 



m 



{in -I- m') C l(m + m'f (E - 1 ) ('ri^ + 711')] J * 



The result is very similar to that for a conducting sphere, differing only in the 
contribution to apparent initial displacement. We therefore conclude that an 
insulating sphere and a conducting sphere of equal radius and with equal surfiice 
charge possess equal electric inertia for slow speeds. 

9. Fundamental Equations for a Moving Dielectric. — It would clearly be of 
considerable value if we could determine the accelerated motion of an insulating body 
at any speed, in the way that we have been able to determine it for a conductor. 

As has been already mentioned in the preceding section, there is as yet no great 
degree of certainty as to the fundamental equations. 

In addition to conforming to the ascertained fundamental laws and the laws for the 
^ther as a special case, the equations must explain Feesnel's assumption as to the 
velocity of radiation in a moving body. 

Two systems of equations may be proposed :— - 



MOTION OF ELECTRIFIED SYSTEMS OF FINITE EXTENT, ETC. 



177 



First for axes fixed to the aether we may assume the system 






3^ 

dz 



c 



,/aY_8Z 
3z dy 



3a 
dz 

3Z 

dx 



3y 3^ _ 3; 

3x ' dx dy, 

3X 3X_3Y' 

32 ' 3?/ 3,x 



I - "''^i] (^- ^- ^) 



3^ 



(a, A y) 



for a body moving parallel to x with velocity w. 

These give for the velocity of propagation of radiation the value 



+ i 



+ g. 



^ K 



which agrees with Fresnel's assumption as far as the first power of u. 

Further, interpreting a, /3, y as magnetic and X, Y, Z as electric force, the equations 
contain Far A.D ay's law. The convection current due to material polarisation, viz., 



2u 



^-^ t (X, Y, Z), 



K 



is, however, difficult to explain on account of the factor 2. 
Second, and again for fixed axes, we may assume the system 



p/ Idy _ 3/8 3a 

\dy dz ' dz 



C 



y , 3Y 3Z 



3Z 



dy 

dx' 


d/3 

dx 




3X 


3X 


3Y\ 



dz dy ' dx dz ' dy dx 






3 m(K-1) 3 

dt K 3aj 



3 u(K-l) 3 
3« K 3a; j 



(X, Y, Z) 



(a, /3, y). 



These give for the velocity of radiation 

again in agreement with Fresnel's assumption. 

In this system, which possesses the great advantage of symmetry, we may interpret 
a, ^, y as magnetic force. In order to reconcile the equations with Faraday's law 
we require to distinguish (X, Y, Z) as the sethereal electric force and 






as the total electric force. The convection current due to material polarisation is now 

y^I^J} ^ (X, Y, z) 

K ax 
and presents no difficulty of interpretation. 
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A similar argument suggests the interpretation of X, Y, Z as electric force and 
a distinction between sethereal magnetic force a, /?, y and total magnetic force 



a. 



P C'K' ' ^ C'K ]■ 



The existence of the additional electric force 

u{K-l) u{K-l) g 

C'K '^' C'K ^ 

is supported by Wilson's (' Phil. Trans.,' A, vol. 204, p. 121) experiment of rotating 
an insulating cylinder in a longitudinal magnetic field. It would be equally important 
to test experimentally the existence of the additional magnetic force 

C'K ' C'K J 

by rotating the insulating cylinder in a longitudinal electric field. Rontgen (' Ann. 
der Physik/ vol. 35, p. 264, 1888) has detected the existence of this force, but the 
effect was too small to be measured. 

This second system is, I think, intrinsically involved in Lorentz' and Laemok's 
equations, although not explicitly put in this symmetrical form, as far as I can find. 

If this system could be established we could proceed to a higher degree of 
approximation in the problem of motion of an insulator, and the similarity of the 
equations to those for the aether shows that no greater analytical difliculty would arise. 

We must still, however, remember the probable fact that K itself will be modified 
by higher order even powers of the velocity. 

Thus until the accuracy of these equations or modifications of them is established 
beyond reasonable possibility of doubt, it would be a little absurd to apply them to 
the motion of an insulator for velocities comparable with that of radiation, and this 
consideration prevents me from attempting the solution of a problem which is clearly 
soluble from an analytical point of view by a method similar to that used for a perfect 
conductor. 

Although we cannot therefore proceed to the general problem of a moving insulator 
at high speeds, we may show that if the dielectric ratio K is very large, the electric 
inertia will be very nearly the same as for a perfect conductor. Since there is 
continuity of normal flux of disturbed electric force at the surface, the functions 
which determine the disturbance inside the sphere are of order l/K as compared with 
those which determine the outside field. Hence the tangential component of electric 
force inside, and therefore also outside, is very nearly zero. Thus, since the 
equations for the aether are not modified by the motion of the sphere, the equation 
of motion and the surface forces outside differ by terms of order l/K from those 
for a perfect conductor. If this argument is valid, the assumption of perfect 
conduction, or of a high value of K for the charged particle, would equally well 
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explain Kaufmann's results, and give the same value for the electric inertia without 
limitation as to speed. 

10. Vibration of a Charged Conducting Sphere under a Periodic Force.- — While 
the examination of rectilinear motion is important from the general standpoint of 
electro dynamics, the problem of motion under periodic forces is no less important for 
optical theory. 

Using the same notation as in Section 3, we shall assume the accelerating force to 
be purely mechanical and equal to F cos nt. In this case the sphere may be supposed 
never to move far from its original position, so that the approximation to the first 
order remains valid for an unlimited time. 

The surface condition is, as before, 

a^X^^-hax^-ri-X-ei/G = 0, 
and the equation of motion is 

m^+l — V^ = ¥ COS nt, : 

a ^^ 



the integral of which is 



Hence, if 



e F 



rn 



f _ 2!^2/^n2 



e'laQ\ 



2 // , / , Yi /^A e~F il — COB nt) 
aW'-^ax -\-[ 1 + — ) X = — - 2ri • 



m/ mn^C 

Rapidly damped harmonic vibrations are initially produced, and when these subside 
we shall have only the residual effect of these with the particular integral. 

[/' m^_a^n^\ n{Ct—r-{-a) an . n{Ct—r-{-a) 
.^^ s ^ e¥ eF IV "^^ -^J'^^^ -^_-^+-^sm ^ 

' \J-+— -^-Q2-y +-QF 

' f ^ .: m' aV\ ■ _, , an . , _, 

-„ ^, . ^ IH cos nt -¥■ -7=:r sm nt 

. ^ F F cos nt m'F \\ m C^ / C 



J # 



{m + m) n^ mn^ . rn^n^ / 1 i ^^ _ aV \^ aV 

It is possible to interpret this as a solution of the equation 

• • « • • 

Mf — /cf = F cos nt,^ 
where 

aV . a^n^ 



(m + m^) — (w + m^) —^ -Hm 



p<2 • p4 

lyr _ ^ ^ 

9 9 4. d. 

^ a'^n an 

* In the corresponding expressions at ' Eoy. Soc. Proc.,' A, vol. 77, 1906, p. 272, note the error of sign. 
Also in M the third term of numerator should be +. 
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and 



m 



h^ 



a 
C 



1- 



an 



aV 






a^n" 



Q2 Q. 



If squares and higher powers of -=^ may be neglected, we get M = m + m' and 

\j 

]c = f eyO"^, and this agrees exactly with the equation proposed by Lorentz for the 

motion of an electron. 

If we calculate the rate of radiation by means of the dissipation function it is found 

that the mean rate of radiation is 



1 e'F' 






m 



C 



+ 



aW 



C^ 



and this is also the result obtained by calculating the Poynting flux. We thus 
obtain complete confirmation of Larmoe's result for a vibrating electron. 

II. First Order Vibrations of an Insulating Charged Sphere, — Prom Section 8 it 
appears that the free vibrations of the first order are determined by the equations 









a ^ 



The assumption of a form ^(O?^— r) = A.e"^^^^"^'*"^''^/^ with appropriate forms for \jji 
and i/zs, led to the equation for X, viz., 



,-2Ki^2x __ 



(k-i)(i+5:)+(k-i){k-(i-.=:; 

This equation may also be put in the form 



m 



1 U^/K-l + K^/^^)K^/^X^+K(K^/^+l)X^ 



r 



tanh K'"X = K^'^X-< 



1 + 






^ m / m 



> 



If the sphere has no resultant charge or is held fixed, the equation becomes 



tanh K'/^\ = K"'k 1 1 + ,„ ^wi\,^-* 

/ TT ^1\/1 x\_i 



(K-1)(1-X)+KX' 



>. 
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This equation is, allowing for the differences of notation, the same as that obtained 
by Lamb {' Camb. Phil. Trans./ Stokes' Commemoration Volmne, 1899). In that 
paper the equation is discussed on the supposition that the sphere is of atomic 
dimensions, and that K, the dielectric ratio, is exceedingly great. Hence, assuming 
X to be very small, we get the approximate equation 

tanh K^/^X = Ki%. 

In this way Lamb shows that there are a number of roots, the wave-lengths 
corresponding to which may be large multiples of the diameter of the sphere, and 
thus in the vicinity of the visible spectrum. 

A further approximation gives the modulus of decay, and in this way we find that 

the first root is given by 

.Y^+,- 4-493 (4-493^ 

For such values of K as are contemplated by Lamb (lO*'') the modulus of decay is 
exceedingly minute, thus indicating a high degree of persistence of the vibrations 
when once excited. 

We have, however, seen in Section 8 that a pair of roots occurs in another way. 
When K is large and X not small the period equation becomes approximately 



X^-^X-fH-— = 0, 

m 

or 

X^-X+1 = 

if the sphere is uncharged or fixed. 

This fii:ives 

2 

Thus, in addition to the vibrations considered by Lamb, we have a vibration for 
which the wave-length is comparable with the diameter of the sphere, and of which 
the modulus of decay is very great. 

This rapidly damped vibration corresponds to the vibration of a conductor. 

This vibration has not been considered by Lamb in his paper ; and it plays, as we 
shall show, a very important part in the optical behaviour of a sphere of atomic size 
with a large dielectric ratio. 

For optical purposes it is necessary to determine the effect of a train of plane waves 
on the sphere, and this problem has been solved for a fixed sphere by Lamb (loc. cit,) 
and Love (' Proc. Lond. Math. Soc.,' vol. 30, 1899). 

As is well known, the process consists in revolving the incident waves into terms 
proportional to spherical harmonics of different orders and finding the excited 
vibration which will satisfy the necessary surface conditions. 



182 ME. GEORGE W. WALKER ON THE INITIAL ACCELERATED 

If we attempted to carry out this process rigorously for a charged sphere the 
problem would be very complex, because, in addition to the linear motion of the 
sphere, rotation would also be set up. Doubtless the problem is well worth 
investigation, but it is beyond the scope of the equations so far developed. 

It appears, however, that for a wave-length of incident waves which is large in 
comparison with the radius of the sphere, by far the most important term in the 
incident waves is that corresponding to a spherical harmonic of the first order. This 
is the term which gives rise to linear motion of the sphere with associated first order 
vibrations. I therefore propose to limit the calculation to this order. 

The equations at the beginning of this section have now to be modified by the 
introduction of the harmonic term, due to the exciting waves, and we might then 
proceed to complete determination of £, x^ ^i ^^^ i/i2- We may, however, with 
advantage, simplify the matter at the outset by remembering that for such a high 
value of K as we contemplate, t/z^ and i|/2 are in general of order l/K^^^ as compared 
with \ and ^* 

Thus for a train of waves in the direction of z, for which the electrical force parallel 
to X is ]Fe*^^(^^+^)^ the equations for the first order vibrations are 

'^ . 2 ^-C ;; eF sin ha ,-^0^ 
a ka 



./; 



1 ; 1 / eA _ oF 3 {(1 — Fa^) sin ha—ha cos ha} ^^a 



X +-X + TiX™7TJ= — ^f^^^-~- ^^-^ ___________ e' 



a a 



G ' ¥a} 



These equations are exact for a conductor and approximately true for an insulator, 
the terms neglected being of order l/K. 

Taking the real part of the solution, we get 



x(a-r)=-3 F 



m^ 



1 _j ^\;^2 gjj^ ha— ha cos h 



a 



m 



^ OF /. . m^ 



m 



m 



^ 5 



X < I H Fa^j Qosh (Ct—r + a)~\-ha sin h{Gt—r~\-a) 

^~ ^F sin ha ,^ 2 e /p, x 

These give the forced part of the excited motion, and we should have to add terms 
depending on the free vibrations. 

It is generally supposed that a vibratory motion of a charged sphere is attended 
by the emission of radiation. This is proved by application of the Poynting flux, 
and the field is supposed to be determined by a function x, which is identified with 
^f/C, while the exciting field is totally neglected. Now the exciting field must be 
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included in the calculation, and our equations show that the relation between ^, )(, 
and the exciting field is not so simple as that generally assumed. 

We have shown in Section 3 that the motion here considered is associated with a 
dissipation function 

It thus appears natural to suppose that the rate of radiation is 20, and we have 
shown in Section 10 that this agrees with the calculation by means of Poynting's 
Theorem when the motive force is purely mechanical and the proper relation between 
)( and ^ is observed. 

In the present case it appears that D may become negative, a result which can only 
be interpreted as meaning absorption and not emission of radiation. Although this 
result is somewhat novel, it is quite consistent with the common-sense view that there 
may be circumstances in which a vibrating particle absorbs radiation and others in 
which it emits radiation. 

Substituting the values of x and ^ in D, and taking the mean value for a complete 
period, we find that the average rate of radiation is given by 

rNT-.9 1(1 + ^ ^^V ) sin ka—ka cos ka[ i ( H kV ) sin ka— ( 1 H ]ka cos ka [ 

3 OF^ [\ m / J l\ m J \ m) j ■ 



m 



Now the roots of the equations 



a 



nd 



tan ka =• kal(l-\ — - — ¥a^ 



tan ka = ( 1 + — )ka/ll + — —¥d^ ), 



which are real, are in general difierent. We therefore have regions for which there is 
radiation, separated by regions for which there is absorption. 

The above expression for the radiation is true only if ka is a small quantity, and 
this must be observed in discussing the application of the expression to actual fact. 

The positively charged particles associated with the electric discharge appear to be 
of atomic size and to have a ratio of mass to charge of the order of the electro- 
chemical equivalent of hydrogen. For such a particle the ratio of electric mass to 
ordinary mass is comparatively small. 

If we take provisionally 



6 



™ = 1 X 10-"^ m = 1 X 10""'^ a == 1 X IQ-^ 
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we get 



Now the equation 



^ =:: -67x10 



•m 



tan ka = kci/l 1 4 -™- —¥d^ 
m' ' IT , . ' J 1 1 ..^ 79 9 9. "in- 



has a root ha = 0^ and if — is small, a root given approximately by ¥d^ = |— ^. The 

other roots make ka finite, and are of no further concern here. 
Similarly, the equation 

tan ka = ( 1 + ^ ) te / ( 1 + — —¥d^ ) 



m' 



m/ / \ m 



has a root ka = 0, and for — small the other roots make ka finite. 



m 



Under these conditions the rate of radiation is given approximately by 






From ka = to ^a = ( f — - 1 the expression is negative and above ka = ( f — ) 

it is positive. We thus conclude that the particle absorbs radiation and sends it out 
after in a conical beam for wave-lengths from infinity to a certain value, and for 
shorter wave-lengths would emit radiation, which is the normal condition. 

It is to be understood that the exciting source is a train of plane electric waves, 
for with a purely mechanical exciting force there is always emission, according to the 
result in Section 10. 

With the precedinfi^ value of — we find that the critical point, at which the change 

from absorption to emission takes place, is giveii by ka = 10~"^ This corresponds to 
light of wave-length about ten times that for sodium light. 

The value could readily be brought into the vicinity of the visible spectrum by 
taking a particle made up of a group. 

The true mass of such a composite particle would be proportional to the number of 
components, while the electric mass would be proportional to the square, and thus 
m' could be increased. 

We have already referred to Lamb's conclusion that, if the dielectric ratio is of 
order 10^, the free periods come in the vicinity of the visible spectrum. We have 
also noted the free period given by ka = iv/3, which is necessarily in the ultra-violet, 
and for which the agitation of the particle and, consequently, the excitation of the 
other free vibi'ations must be abnormally increased. 

If the exciting period does not exactly coincide with a free period, we may use the 
approximate equations to show that there is emission of radiation in those free 
periods. 
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The relation between the parts of x and f depending on a free period is 

SO that 

Thus the approximate dissipation function is 



I 
' a 






and this is necessarily positive. If, however, the exciting period exactly coincides 
with a free period, the approximation is invalid, and we cannot draw this conclusion. 

Turning next to the case of negatively charged particles, these carry the same 
electric charge as the positively charged particles, but have a much smaller true 
mass. As a consequence m^/m for these is no longer small, but of finite order. Our 
deduction from Kaujfmann's experiments gave m^ of about the same order ot 
magnitude as m. This gives a value for a = 1*6 x 10"^^ which is much less than the 
atomic radius. 

Consequently a value of K = 10^^ would be required to give a free period in the 
visible spectrum. 

When ni^/m is finite, the roots of 

I 1 + ' Fa^ 

m 

make ka finite and do not further concern us. 

The roots of 

/ w? \ / / ^1 
tan ka = i 1 4 jkanl -4 ¥a 



2 I 

m J I \ m / ' 



also, in general, make Im finite. But if m^\m is just less than 2, there is a possible 
root which makes ka small, given approximately by 



i.V/|_-i-!!^\ = 2^--'^' 



\ 



^ ^ ^ m I ^" \ ' 2m. 



The rate of radiation is approximately 

^ \m V rnl \ { \2m j V raj. 

Hence, if wZ/m is greater than 2, there is emission from infinite wave-length to 
very far out in the ultra-violet. 

If m^m is less than 2, there is absorption from infinite wave-length to a certain 
VOL. cox. — k, 2 B 
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wave-length which depends on the closeness oi ^n^jm to- 2. Unless m^jm is very 
nearly 2, it will be in the ultra-violet. 

With the present estimates it appears that in general the radiation in the visible 
spectrum from a single negative particle is but XQ-^^Q-Qth of the radiation from a single 
positive particle, and if m^jm is very nearly 2, the fraction will be still smaller. 

We have thus proved important optical differences between positively and 
negatively charged particles. The results appear to have some application in the 
theory of excited luminosity, but as experimental knowledge of this subject is 
making rapid progress, this does not appear a suitable occasion on which to discuss 
a possible application of the results of this section. 

12. Sloiv Rotation of a Charged Sphere. — The linear motion of a charged sphere 
is, as we have seen, attended by a disturbance in the surrounding sether. This 
disturbance gives a reaction on a moving sphere which is a single force. The 
fundamental forms which we found it necessary to assume are sometimes spoken of 
as disturbances of the first type. They might with propriety be called disturbances 
of electric type. 

The skew-symmetry of the equations for the aether suggests that we should inter- 
change the expressions for electric and magnetic force with the requisite change of 
sign. The disturbances represented by such forms are spoken of as of the second 
type, and might be called of magnetic type. 

It at once appears that disturbances of this second or magnetic type give a 
reaction on a charged sphere which is not a single force, but is a couple tending to 
rotate the sphere. We thus have the means of investigating the problem of an 
accelerated motion of rotation of the sphere, similar in general character to the 
method developed for dealing with accelerated linear motion. This problem, which 
appears to have attracted some attention (Lorentz, ' Enc. d. Math. Wiss.,' Vol. V., 
2, Part 1, pp. 182-194, and others) in modern electron theory, is of considerable 
importance in general electrodynamics, and clearly falls within the scope of the 
present essay. 

Taking, therefore, the case of a uniformly charged sphere, and assuming a 
disturbance of the second type depending on a first order zonal harmonic, the state 
of the aether outside the sphere is given by 

(X, Y, Z) =: ^ {x, y, z) + ^ (0, z, ~y) (rx" + x')> 

(«, A y) = 2^{-^' ^' ^^ (^V-H-X' + X)+ ^('^ ^y^ ■^^) «\"+3rx' + 3x). 

We may first observe that if the sphere is a perfect conductor, we require that the 

tangential component of electric force should vanish when o- = a. 

Hence 

ax"{Gt-a) + x'{^'t-a) = 0. 
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Thus the disturbance is not of a vibratory character, but is of a purely exponential 
type. 

It may be observed that since the tangential component of electric force must 
vanish at the surface of a conductor, no couple on the conductor can arise from this 
cause. There remains the contribution to the tangential component of electrodynamic 
force on account of the magnetic field. If this arises from the motion contemplated 
it will give terms of the second order in the velocity of rotation, and may safely be 
neglected. Thus to this order there can be no aether reaction on the conductor due 
to its rotation. This does not imply independence of the rotation on the whole 
magnetic field. If, for instance, the external force is due to a rotating magnetic field, 
surface currents will be set up and a couple produced which will set the sphere in 
rotation. 

If, however, the sphere is an insulator, the tangential component of electric force is 
no longer zero, and it will appear that there is a resultant couple on the sphere. 

The equations for the inside of the sphere are, of course, altered by the assumed 
rotation ; but just as in the problem of linear motion, we require a solution which is 
small of the first order in the angular velocity of the sphere, and hence neglecting 
terms involving squares of the angular velocity, the equations for insulators at rest 
suffice. 

Inside the sphere we have both diverging and converging disturbances represented 
by i//i {O^t — r) and i/zg (C^«^ + r) respectively. 

Thus for the field inside we assume 

(X, Y, Z) ^ ^ (0, z, ~y) {r (^/;/^-^/) + ^/ + ^/} 

+ ^- {x\ xy, xz) {r' {xjj/^ + 1/;/) + 3r (i/// + 1/;/) + 3 (^^ -f xjj,) } . 

In these equations K ~ CyC^^ and the factor K"^-^ is introduced in the form for 
magnetic force inside in order to make the units of measurement the same outside 
and inside. 

Further, x, i/ij, and 1//2 are supposed to be small quantities proportional to the angular 
velocity a>, and squares of co are neglected. 

Since the field must be finite at the origin, we must have 

rP,{G't) + ^js,{C't) = (1). 

The normal component of magnetic force is continuous at r = a. Thus 
or 

«x'+x = »('/'i'-^20+'/'i+'/'3 (2). 

2 B 2 
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Inspection shows that this secures the continuity of the tangential component of 
electric force at r = a. 

The discontinuity of tangential components of magnetic force determines the 
surface current which is due to the rotation of the uniform surface charge cr = e/ina^ 
rotating with the sphere. 

Thus the angular velocity round the x axis from OY to OZ is given by co where 

or in virtue of (2), e<o = G^x"-i>r"-^2") (3). 

The tangential component of electric force from OY to OZ is 

T=-g8in^(«x" + x')- 
Thus the total moment of the couple on the sphere, which is jcrTa sin 6 clQ reduces to 

and this is the aether reaction on the sphere. 

The motion contemplated may be originated by an extraneous electromagnetic 
disturbance, in which case our conditional equations would have to be slightly 
modified. But for clearness it is desirable to suppose that the sphere is acted on by 
a purely mechanical couple of magnitude L. Hence, if the sphere is uniform and of 
mass m, the equation of motion is 

Cv 



or 






The equations (1) to (4) determine the motion, and may clearly be presented in a 
purely dynamical form. 

The case of uniform rotation presents no special interest here. Passing to the case 
of a constant external couple, it appears that a uniformly accelerated rotation is 
possible. Without entering on algebraic details, we find that 



CO = 



— .5. 



^ (m + fm^)a^' 



constitutes a solution which satisfies all the equations. 
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Thus a uniformly accelerated rotation is possible, and the reaction of the medium is 
equivalent to an increase of the effective inertia of the sphere = ^m\ m! being the 
electric inertia for linear motion at slow speeds. 

The moment of inertia of the mass |m^ uniformly distributed is fm^xfa^ or \in^a^^ 
and is the same as that of a thin shell of mass |-m^ and radius a. Thus for both 
linear and rotary uniform acceleration the dynamical effect of the aether is represented 
by the addition of a uniform thin shell of mass ^m' on the surface of the sphere, along 
with Bo particle of mass |-m' at the centre of the sphere. 

As in the case of linear motion, this state is not attained without the production of 
initial vibratory disturbance which may be supposed to decay rapidly. The deter- 
mination of these turns on the occurrence of free modes of motion, the arbitrary 
constants being determined by the initial conditions. 

The integral of (4), when L = 0, is 

and thus the free vibrations are determined by 



Assuming the forms 



a-x' + x = aW-^2)-^^i + ^2, 



lit 



X (Gt-r) = Ke'^ict-r^'^va^ 



xl,,{G't-r) = Be 



■Ki«A(C'«-r+o,)/a 



we get 






A-^ 



m' 



(1-X)|^+X^}. = BKX^{;L-e-^'^'''-^^). 



Thus X is determined as a root of 



g-2Ki/'-^A 



( 1 + W!\) 1(1- K) I !!^' + \2 [ - ( 1 - X) KX^ 



or 

K^/^x|(l-X)|— +X 
tanh K'"\ = ^ ""^ 



./ 2'! 



m^ 



on \ / 

The first of these forms shows that there is a real root for X which will not differ 
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much from unity when K is large. It corresponds to a purely exponential 
disturbance. 

Again, if K is very great and X very small, but so that K^'^X is finite, the second 
form is approximately 



Hence 



where 



tanh K^^^X - K^%|'''' /(-I— ^KXM. 

X ™ +^2;, 



tan Y^H - K^/^-^/fl-'^ -rlLz' 

ml V" m 



the roots of which in general make ¥s}'^% finite. These correspond to a vibratory 
disturbance, and a nearer approximation gives the damping coefiicient. 

The problem of rotation of a vibratory character may also be treated by aid of the 
equations. In dealing with the problem of linear vibration, approximate treatment 
for large values of K was possible since i/zi and ^^ were small compared with y^. 

With rotary vibration t//i, i/zg, and y^ are of the same order, and approximate treat- 
ment is no longer possible. I do not propose to give the results of this problem, as 
they are somewhat cumbrous, and do not appear to present any important optical 
features. Such a conclusion may be expected from the investigations of Rayleigh 
(' Phil. Mag.,' p. 379, 1899), Lamb, and Love {loc, cit,), which show that the radiation 
for disturbance of the second type is insignificant compared with radiation for 
disturbance of the first type. In this connexion it is interesting to observe the 
nature of the mode of linking of the sphere to the sether in the two types. In both 
we have the slowly damped vibrations which may be of wave-length large compared 
with the diameter of the sphere if K is great. The main link is, however, through 
the rapidly damped vibration of wave-length comparable with the diameter, in the 
case of a linear vibration, and the purely exponential disturbance in the case of 
rotary vibration. 

The considerations in Section 9 prevent us from attempting to extend the results 
to the case of a high speed of rotation. 

The independence of small linear motion and small rotary motion will be apparent 
from the method of examinin^o; the two cases, and we are thus able to present in a 
purely dynamical form the equations of motion of a sphere in general, provided the 
velocities are small compared with that of radiation. 

The disturbance of exponential type, which occurs in the problem just treated, 
arises with all disturbances of magnetic type associated with zonal harmonics of odd 
order. It also occurs with all disturbances of electric type associated with zonal 
harmonics of even order. Pure damped harmonic vibrations, on the other hand, occur 
with disturbances of magnetic type associated with even order zonal harmonics, and 
disturbances of electric type associated vfith odd order zonal harmonics. 

Changes of the linear motion of a charged sphere give rise to disturbances of 
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electric type. Those depending on odd order harmonics are damped harmonic waves, 
while those depending on even order harmonics are a mixture of exponential and 
damped harmonic waves. 

Similarly, changes of rotary motion of a charged sphere give rise to disturbances 
of magnetic type. Those depending on even order harmonics are damped harmonic 
waves, while those depending on odd order harmonics are a mixture of exponential 
and damped harmonic waves. That depending on the first order harmonic is, 
however, a purely exponential wave. 

13. Induced Electrification .and Electric Vibrations on a Cond%hcting Sphere 
moving with Uniform Speed, — When a fixed spherical conductor is under the 
influence of an electrical field, the problem of finding the induced potential is, as is 
well known, a comparatively simple matter, an inducing potential involving the 
same spherical harmonic and no other. 

If, however, a spherical conductor is constrained to move uniformly in a straight 
line in a specified electrical field, the problem is more difficult. An inducing normal 
force involving a given spherical harmonic no longer gives rise to an induced surface 
density involving only the same spherical harmonic, but terms involving other 
spherical harmonics may also arise. 

The form of solution for a given inducing field depends on what we take as the 
proper boundary condition. As has been shown, we may take the condition (l) that 
the tangential component of electric force (X, Y, Z) should vanish at the surface of 
the sphere, or the condition (2) that the tangential component of {X^, Y^ Z^) should 
vanish at the surface of the sphere. 

I propose now to give the solutions for the case of a spherical conductor constrained 
to move in the direction of x with a uniform velocity hO in a field of uniform 
force F, which is parallel to the direction of motion. With condition (2) the problem 
may be stated as follows : — 

Determine a function, r^, which satisfies 

' ox^ dy^ az^ 
so that the tangential component of 

(K',T,Z') = {\-F)(I±, ^'^ ^') 

\ax dy dz 

at r = a shall be equal to the tangential component of 

(l-F)F(-l, 0,0). 

If, as before, 

'^' , (l-F)(/+e^) _ J.. 
cosh^ 7j simr t) 
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we find that 



where 



(j) — Ax {log coth ^rj — l/coBh r]} 

is the solution. 

With condition (1) the statement of the problem is :• 
which satisfies 



-Determine a function, (j). 



d' 






' dx' dy' dz^ 



so that the tangential component of 



(X, Y, Z)= 1(1 -F) 



2^ d(j) d(j) dcj) 

dx ^ dy ' dz , 



at r = a shall be equal to the tangential component of 



If 



F (--1,0,0). 






p2 — ~yi7p^ ^^ ^^ 



the solution is 



\^' 



hei 



T n Ai^/r:i 



<^ = A,x {log coth i>,- 1/cosh ^o}H jYZWr -p ^'^ { (p+p^f-F^l-P)} 



|. 



2 



(1-/.)| 



The surface density of electricity is given by 



the appropriate values of p, pi, and pg at the surface r = a being substituted. 

We have seen in Section 3 that the production of a uniformly accelerated slow 
motion is established by the aid of a rapidly damj)ed harmonic train of waves and the 
period equation has been found. 

Further, in Sections 5 and 6, where no limitation as to speed is made, we have 
indicated that the production of a uniformly accelerated change of the motion is 
established in a similar way. It was assumed that the initial vibrations set up were 
rapidly damped, but the equations given are not sufficient to give the period equation. 
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It is therefore desirable to discuss this point more fully, and it will be sufficient for 
our present purpose to consider the sphere as constrained to move uniformly in a 
straight line with velocity kC We may state our problem as the determination of 
the period equation for first order vibrations on the sphere, such as would be excited 
by the production of a uniform field of electric force. 

When the sphere is at rest the vibrations depending on zonal harmonics of different 
Qrders are quite independent of each other ; but when the sphere is moving this is no 
longer the case. In particular, the vibrations excited in establishing a uniform field 
no longer depend solely on a zonal harmonic of the first order, but involve an infinite 
series of zonal harmonics, as might be expected from our examination of the steady 
distribution produced by a uniform field. 

In general, the components of electric force are 



-vr u KJJ \j uj ~rjr 



where 



,3^ dxj ^ \dx^ dtf dz^J 



z - 


3^^ 


LJ 


dzBx 


3V' 


\ 



Since the field is to be symmetrical about the axis of x we may write 

Y — >_ ji _^ ^ Y — y ^^^ y _ z W(^ 

w om cm 7ST dm ox tjs dm ox 

where 

3^ dxj ^ \dx^ mdm dm. 

If we make Lorentz' transformation 

h X 



t' = t 



l-FC 



we get 



X=-~-lA^M Y = l^^^^ ^ y ^^^ 7 _ ^ 3^^ k % d^ 

mdm'' dm' m'dmdx {l-¥)Qmdmdr mdmdx {l-~¥)0 mdmdt' 



and 



(1-F) dt^' 1^^ ^ ^ dx' ^ mdm"^ dm\ 



d^cj) 



We now assume condition (]), that the tangential component of X, Y, Z at r = a 
should vanish. 

Thus 

k ^ 3^^ ___x d^ _1 d ^dcj) __ ^ 



m 



{l—¥)Gmdmdt^ mdmdx m dm dm 
when r = a. 



This may be written 

1 3 
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[{!-¥) Qdt' dx BziT 
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when r = a, or 

1 3 J k X d(l> ^ ^d<f) 

when r = a. 

In performing the partial differentiations, (f) must first be expressed as a function of 

independent variables r and {jl = -, and after differentiating with respect to r, the 

functions must be expressed in terms of independent variables x and r^, and the 
differentiation with respect to m performed. 
Let 

,1/2 J/* 

(i oce^^"^''^ ^^^' and put X = y— -i^^ii^' 
r ^ r {1-F)V2 

The surface condition at r ^ a may now be written 



1A< 

m dm 

The simplest form for ^ is 



\9x(h — r ^- 

ar 



0. 



E ^^ X^ 

6o = — where p^ = - — ^9 + V^ +z^ = r^ + \^x^, 
p l—k 

and derived forms are obtained by successive differentiations with respect to x. 

We shall now approximate by neglecting terms involving higher powers of X than X^. 
Let 



OX dor 



where 



and higher terms are neglected. 

Now 



Aj is of order X, 
Ag is of order X^, 






where 

/I dYer'' 

\r ar/ q' 
Thus, as far as squares of X, we have 

where 

Oil performing the differentiations, as already explained, we find that the surface 
condition is _^^ (^^o-^'.)- A. (^^.-3^.), 

when r = a. 
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Equating the coefficients of the various powers of x to zero, we get 

Eliminating Ao, Aj, and Aa, we get the period equation 

Now, when X is entirely neglected, we get 

^^r/;o-i//i = 0, or aW+ad+1 = 0, 

which is our former period equation for a fixed sphere. The roots are 

^~ 2 
We can now proceed to an approximation to aO in X^ by putting 

2- 2 
on the left-hand side of the period equation, and substituting the value 

2- 2 

in the term on the right-hand side, which is of order \^. In this term we may use 
the approximate results 

i//i = <9^i//o, a'xjj^ = -'ZO'^xjjQ, and a^i/zg = ^% + 1 -^ i//o. 



Hence we find 



^ 260 780 



Thus 



. 1/1 ^'\aV3/. X'59\ 

130/- 2 V 390/ 



We could, in a similar manner, proceed to the period equation for higher order 
vibrations, and to calculate higher approximations to the roots in powers of X^ The 
process would be tedious, and I have not as yet discovered any artifice for efi:ecting 
the summation, 

2 C 2 
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We have now proved that the time factor of first order vibrations is 

where 



^^ 130/"" 2 \ 390 



and higher powers of X^ are neglected. 
In a similar way condition (2) leads to 

a^=-i+'^fl + -^-'' 
^ "" 2 V 10, 

The result shows that both the frequency and the damping coefficient of the first 
order vibration diminish as the velocity of the sphere increases. The efiect is clearly 
not considerable until the velocity is nearly that of radiation, and a higher degree of 
approximation for such a speed is necessary. 

We have assumed that the sphere is constrained to move uniformly. If the sphere 
is uncharged no constraint is necessary, so that the solution applies directly to the 
case of an uncharged sphere. If the sphere is charged and unconstrained the 
equations are more complicated, so that I shall give only the result. 

The time factor of the vibrations is 

where 

^\ 507 m 130/ -^n mj \ 1521m 390/' 

X' = F/(l -F), . and m^ - feVaCl 

This approximation neglects squares of m7m and higher powers of K\ and if we also 
agree to neglect products of '??^Y7?i and X^ we get, when condition (1) is used, 

^V 130/ -"^V mj \ 390/' 



a^:- --l±|(3 + 4— 1 (1 + 



while condition (2) leads to 

m) \ ■ "^^ To, 

So far as these calculations go they indicate the way in which the process of 
attempting to establish a uniform acceleration, at speeds nearly that of radiation, 
may fail. The damped harmonic train of waves may have such a small damping 
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coefficient that it is no longer legitimate to neglect those waves, and a uniform 
acceleration cannot, in point of fact, be established. 

We may further observe that an uncharged sphere of atomic size would, under 
ordinary conditions, give fundamental vibrations of frequency corresponding to 
extreme ultra-violet radiation, damped with exceedingly great rapidity. Our result 
proves that, at a speed approaching that of radiation, the fundamental vibration may 
be brought within the visible spectrum range, and at the same time the damping 
becomes relatively small. 

A similar conclusion holds for an unconstrained charged sphere provided mym is 
not large. 

These results are of significance in optical theory, and investigation of the effect 
of speed on the vibrations, carried to a higher degree of approximation, appears to be 
desirable. 



